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ABSTRACT 

In  the  present  paper,  a  subclass  of  analytic  and  univalent  function  is  defined  by  Al-Oboudi  Operator  and  we  have 
obtained  among  other  results  like,  Coefficient  estimates,  Growth  and  distortion  theorem,  external  properties  for  the  classes 

TnSxp  {a,  /?,  £  y,  S,  A,  B)  and  TnV*  {a,  /3,  £  y,  S,  A,  B) . 
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1.  INTRODUCTION 

Let  S  denote  the  class  of  functions  of  the  form 

f(z)  =  Z  +  YsanZ" 

that  are  analytic  and  univalent  in  the  disc  |z|  <  1  -  ForO<Qf<l  S*(a)  and  K(a)  denote  the  subfamilies  of  S 
consisting  of  functions  starlike  of  order  a  and  convex  of  order  a  respectively. 
The  subfamily  T  of  S  consists  of  functions  of  the  form 

f(z)  =  z-fjanz\       aH>0,forn  =  2,3,...;  zsU. 

"=2  (2) 

Silverman  [6]  investigated  function  in  the  classes  T*(C()  =  T  O  S  (CX)  and  C((X)  =  T  n  K(a)  . 
Let  n  E  N  and  X  >  0  .  Denote  by  D\  the  Al-Oboudi  operator  [3]  defined  by,  D\  \A^>  A, 

D\  f(z)  =  (1-A)  f(z)  +  Azf'(z)  =  DA  f(z) 
Dlf(z)  =  Dz[Dl~1  f(z)]. 

Note  that  for  f(z)  is  given  by  (I), 
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D"J(z)  =  Z  +  £ [1  +  (j  -  \)Xf  ajZj  when  X  =  l, 


D"x  is  the  Salagean  differential  operator/)^  :  A  — >  A ,  TIE  N  defined  as: 

D°f(z)  =  f(z) 

Dlf(z)  =  Df(z)  =  zf'(z) 

Dnf(z)  =  D[D"-lf(z)]. 

Definition  1.1:  [8]  Let  /? ,  X  e  R  ,     >  0 ,  X  >  0  and  f(z)  =  Z  +  ^  OjZJ  we  denote  by  Z)f  the  linear  operator 


7=2 


defined  by  D{  \  A  ->  A,  Df  /(*)  =  z  +  £[1  +  ( j  ~  1)  1/  a,.  ZJ  . 


7=2 


Remark  1.1:  If  f(z)ET,    f(z)  =  Z~^aj  zJ ,  aj  >  0,  ;  =  2,3,...,  ZE  £/ 


7=2 


Then 


«f  /(z)  =  z-£[l  +  (j-lU]>a,z'. 


7  =  2 


In    this    paper    using    the    operator    D%    we    introduce    the    classes  TnS*(CX,j3,i^,y,S,A,B)  and 

TV* (CC,  /3,^,y,d,  A,B)  and  obtain  coefficient  estimates  for  these  classes  when  the  functions  have  negative 
coefficients.  We  also  obtain  growth  and  distortion  theorems,  closure  theorem  for  functions  in  these  classes. 

Definition  1.2:  We  say  that  a  function  f(z)eT  is  in  the  classTnS*((X,j3,g,y,S,A,B)  if  and  only  if 


Dff(z) 


(B-A){ 


v  Dim 


+  Ay 


v  Dff(z) 


<  s 


Where|z|<l,0<  J< l,l/2< ^ <1,2> 0,0<  1/2^,1/2 <  ^<  1,^> 0,0< B  <  1,-1<  A<5  <1. 
Definition  1.3:  A  function  /(z)  £  7"  is  said  to  belong  to  the  class  TnS*(CC,  (3,     y,  S,  A,  B)  if  and  only  if 


DTfiz) 
Df+1f(z) 


-1 


{B-A)£ 


{  DTfiz) 

l<7(z) 


-a 


+  Ay 


fDZ+2f(z)  ^ 
v<7(z) 


<  § ,  where 


W<1,0<  S<l,l/2<<!;<l,jl>0,0<a<l/2g,l/2<y<l,j3>0,0<B<l,-l<A<B<l 
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If  we  replace  J3  =  0  ,X  =  l  we  obtain  the  corresponding  results  of  S.M.  Khairnar  and  Meena  More  [4]. 
If  we  replace  f3  =  0 ,  X  =  1  and  y  =  1  we  obtain  the  results  of  Aghalary  and  Kulkarni  [2]  and  Silverman  and  Silvia  [7]. 
If  we  replace  /?  =  0 ,  X  =  1  and  £  =  1 ,  we  obtain  the  corresponding  results  of  [9]. 

2.  MAIN  RESULTS  COEFFICIENT  ESTIMATES 

Theorem  2.1:  A  function  f(z)  =  Z~        ■  zJ  ,   (o,>0)  is  in  TnS* {a,  J3, y,  d,  A, B)  if  and  only  if 

7=2 

£  [1  +  (j- \)Xf  [d  -  l)X{\+  AyS  +  {B-  A)8%}  +  {B  -  A)5%{\  -  a)]a  .  <  (B  -  A)S£(l  -  a) 

i=i 

Proof:  Suppose, 

fj[l  +  U-l)M/S[U-W  +  AyS+(B-A)S^  +  (B-A)^(l-a)]aj<(B-A)S^(l-a) 

7=2 

we  have 

|Df  7(z)  -  D{ f(z)\  -S\(B-  A)^[Df  7(z)  - aDff(z)]  +  Ay[Df+lf(z)  -  D%f(z)]\  <  0 

with  the  provision, 

z-J(l  +  0-lU/+1fl^' -z  +  £ (1  +  0-1)2/ a,z>  - 


7=2 


7=2 


S(B-A)4 
+Ay 


7=2  7=2 


z-^d+a-iu^a^-z+Xa+o'-1)^^ 

7=2  7=2 


<0 


For  |z|  =  r  <  1  it  is  bounded  above  by 

fj[l  +  U-WP[U-m{l  +  Ay+(B-A)^}  +  (B-A)^(l-a)]a/  <(B-A)S^(l-a). 

7=2 

Hence  /(z)  £  TS"  (a,  fi,  £  ^  £  A  5)  . 


Now  we  prove  the  converse  result. 


Let, 


Dim 


{B-A)5 


(  D!+lf(z) 
v  Dff(z) 


a 


+  Ay 


( pTm 

V  Dff(z) 
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z-I(l+(j-W+1fl/ 


7=2 


z-£(l  +  (y-lU/fl^ 

7=2 


z-J(i+(;-iHffl/ 

7=2 

(B-A)£ 

+  A^ 

-i 

z-|](l+0-l)l/fl,zj 

■>=2 

>2 

7=2 


(B  -  A)<f  z(l  -  a)  -  £  (1 + (j  - \W  [(B  -  A)<f  (1  -  a)  +  ((B  -  A)<f + Ay)(j  - 1)  A]  a]Zj 

7=2 

As  Re/(z)  <  z  for  all  z ,  we  have 


<s 


Re 


7=2 


(5  -  A)<f  z(l  -  a)  -  £  (1  +  U  ~        [(B  -  A)<f  (1  -  a)  +  ((B  -  A)<f  +  A^(y  - 1)  A]  a,z' 

7=2 


of1 

we  choose  values  of  z  on  real  axis  such  that  ^—  is  real  and  clearing  the  denominator  of  above  expression  and 

allowing  Z  — >  1  through  real  values,  we  obtain. 

£ll+0'-l)A]^[0'-l)A{l+A^+(fl-A)^}  +  (S-A)^a-a)]fly^-A)^a-ar) 

7=2 

^X[(l+0-l)A/{0,-l)A(l+^ 

7=2 

Remark 2.1:  If  f(z)eTnSAp(a,j3,^,y,S,A,B)  then 


fl  <  (fl-A)ff(l-aQ  

ai    (l+(j-l)Ay{(j-l)Ml  +  ArS+(B-A)%)  +  (B-A)%(l-a)} 

and  equality  holds  for, 

(B-A)%(l-a) 


J  =  2,3,4,. 


/(z)  =  z- 


■zJ. 


(1+0  -  - 1)^(1  +  A/J + (5  -  A)<Xf )  +  (B-  A)<Xf  (1  -  a) } 

Corollary  2.1:  If  f(z)sTn S1  (a,  /?,     y,  S,  - 1, 1)  (In  particular  if  A  =  - 1,  B  =  1 )  then  we  get, 
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a,  -t — ~ —  .,p  ~ —  tvtzz — :  — Tzrr.  ~  '  7  =  2,3,4,. 


2jg(l  -a) 

'j  ~  [1 + (j  -  \)X\P  { (j  -1U  (2^ + 1  -  yd)  +  2%  (1  -  a)} 

and  equality  holds  for, 

m  =  z  2^-a)  Z> 

[1  +  (/  -  l)Xf  { (j  - 1)  A  {2£S + 1  -  yS)  +  28q  (1  -  a)} 

This  corollary  is  due  to  [11]. 

Corollary  2.2:  If  f(z)  e  TnSlp  (a,  0,     y,  8,  -1, 1)  (in  particular  f}  =  0,  X  =  1,  5  =  1,  A  =  -1 )  then  we  get, 

2%Q-a)  .  ... 

a  <  ,  7  =  2,3,4,  

1    (j-l)-8{2a{-2{j  +  yj-y},J 

2%S{\-a) 

and  equality  holds  for,  /  (z)  =  z  ~    ,     ;   Z 

(j-l)-8{2a{-2{j  +  yj-y} 

This  corollary  is  due  to  [4]. 

Corollary  2.3:  If  f(z)<ETnSp(a,0,%, 1, 8,-1,1)  (In  particular  fi  =  0, A  =  1,  y=  1, A  =  -land 5  =  1  ) 

248<X-a)  . 

then  we  get,  a  .  <  ,  7  =  2,3,4,  

'  0-_l)-J{2^-2^+j-l}'7 

2^(1  -a) 

and  equality  holds  for,  /  (Z)  =  Z  -    ,   — —  — —  —7  Z  . 

{]-!)- 8{2%a-2%]  +  7-1} 

This  corollary  is  due  to  [2]  and  [7]. 


Corollary  2.4:  If  f(z)  €  TnSp  (a,  0, 1, 1, 5,  -1, 1)  (in  particular  /5  =  0,/l  =  l,^=l,^  =  l,A  =  -landS  =  l) 

28(1- a)             .  ... 
then  we  get,  a  .  S  ,  /  =  Z,  3, 4,  

'  (j-l)-8{2a-j-l},J 

28(1- a) 

and  equality  holds  for,  J  (Z)  =  Z  Z  ■ 

(j-\)-8{2a-j-\} 

This  corollary  is  due  to  [9]. 

Corollary  2.5:  If  f(z)£TnS\(a,ti,\\\-\,\)  (in  Particular  /?  =  0,  X  =  1,  y=  1,£  =  1,<?  =  1,  A  =  -1,B  =  1) 
if  and  only  if  ^  (  j  -  a)  ttj  <(l-a). 

j=2 
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Theorem  2.2:  A  function  f(z)  =  z  -  V  a  -z1 ,    (a   >  0  )  is  m  TnSp((X,  P,£,y,S,A,B)  if  and  only  if 

fj[l  +  U-W^[U-mi  +  Ar+(B-A)S^}  +  (B-A)^(l-a)]aJ<(B-A)S^(l-a). 

7=2 

Proof:  The  proof  of  this  theorem  is  analogous  to  that  of  Theorem  1,  because  a  function 
f(z)e  TnV\a,/3,%,y,8,A,B)  if  and  only  if  zf'(z)e  TnS^(a,jB,^,y,S,A,B).  So  it  is  enough  that  replacing 
ft  with  f5  + 1  in  Theorem  2. 1 . 

Remark  2.2:  If  f(z)  <=  TnVX(a,  /3,  £,  y,  5,  A,  B)  then 

a  <  {B-A)6^{\-a)  

'    [1+0  -  \)Xf+l  [0  -  W + A7+  (5  -  A)<^}  +  (fi  -  A)<X?(1  -  a)] 

(fl-A)<5£(l-«) 

and  equality  holds  for,  t(z)  =  Z  tt,  Z  • 

(l+U-U)/3+l{U-Ua+AyS+(B-A)S^  +  (B-A)S^l-a)} 

Corollary  2.6:  If  f(z)e  TnVA(a,P,<^,y,S,-l,Y)  (in  particular  /?  =  0,  X  =  1,  A  =  -1,  B  =  1)  then  we  get, 

a<  2«£g(l  -a)   .  =  234 

a'    (l+0-l)^+1[0-lH(2^+l-/^)  +  2^(l-a)]' 

and  equality  holds  for, 

(1  +  O  - 1)  A)^1  [(7  -  l)A(2%  +  l-yS)  +  2%{l-  a)] 

This  corollary  is  due  to  [11]. 

Corollary  2.7:  If  f(z)e  TnV\a,0,^,y,S,-l,l)  (in  particular /?  =  0, X  =  1,  A  =  -1, 5  =  1 )  then  we  get, 
a ,.  <  —  7  ,  /  =  2, 3, 4,  

'  ;[0-D-^{2^-2^+r7-r}] 

2<5£(l-ar) 

and  equality  holds  for,  J  (z)  =  Z  .   —   ;  Z  . 

j[(j-l)-S{2a^-2^j  +  yj-y}] 

This  corollary  is  due  to  [4]. 

Corollary  2.8:  If  /(z)e  ^V1  (a, 0,^,1, ^,-1,1)  (in  particular  /?  =  0,  A  =  1,  ^=1,  A  =  -landS  =  l) 

2<5£(l-a)  . 

then  we  get,  a ,  <  —   ,  1  =  2,3,4,  

1    j[(j-l)S{2a^-2^j  +  j-l}],J 


Articles  can  be  sent  to  editor  ©impactj  our nals.us 


On  a  Subclass  of  Analytic  and  Univalent  Function  Defined  by  Al-Oboudi  Operator 


and  equality  holds  for,  /(z)  =  Z ' 


2<5£(1  -a) 


then  we  get,  a.  < 


7[0-l)-^{2^-2^  +  j-l}] 
This  corollary  is  due  to  [2]  and  [7]. 

Corollary  2.9:  If  f(z)e  ^V1  (flT,0, 1,1,  J, -1,1)  (in  particular  0  =  O,A  =  l,y=l,  %  =  \  A  =  -l  and  5  =  1) 

25{\-a) 


i[(i-\)-8{2a-j-\}] 


,7=2,3,4,. 


and  equality  holds  for,  f(z)  =  Z  ;r — - 


28(\.-a) 


j[{j-\)-8{2a-j-\}\ 


zJ. 


Corollary  2.10:  If/(z)e  r„v' (a, 0,1, 1,1, -1,1)  (in  particular  /3=Q,X=\,y=\,^=\,  S=i A=-\  and  5  =  1) 

if  and  only  if  V  j  (  J  -Of)  fit;  <  (l  -  a) . 
;=2 

3.  GROWTH  AND  DISTORTION  THEOREM 

Theorem  3.1:  If  f&eTSfafi&ySAtythen 


r  —  r 


<r  +  r 


(B-A)£S0-a) 


(1+Ay  {X+ (B  -  A)£SA + AySA + (5  -  A)£?(l-  a) } 

 (B-A)ffll-a)  

{\+X)p{X+{B-A)£dX+AydX+{B  -  A)gS(l -a) } 

(B-A)S%(l-a) 


\f(z)\ 


Equality  holds  for  f(z)  =  Z' 


{1  +  2(5  -  A)£S}  +  S{Ay- (5  -  A)%a] 

Proof:  By  theorem  2.1,  we  have  f(z)e  TnS*  J,S,  A,B)\i  and  only  if 


Z  at  z  +  r 


^[l+(j-W[(j-mi+AyS+(B-A)^}  +  (B-A)^(l-a)]aj<(B-A)^a-a) 

j=2 


Let,  t  =  l- 


(5-A)^(l-q) 
A  +  (B-A)£SA  +  AySA 


f(z)eTnSfa,0,£,y,S,A,B)  if  and  only  if  ^l  +  O'-Wij-f^  <(l~t) 

;'=2 


(3) 


when  j  =2 
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a+^(2-oX«^Z(1+o'-i/«yO'-o^a-o 

7=2  7=2 


.-.  \f(z)\  <  r  +  ^Tanr"  <r  +  r2^an<r  +  r2 

7=2  7=2 

similarly, 

.-.  |/(z)|>  i-j^r"  >  r-r2f>„  >  r-r2 

7=2  y=2 


1-r 


a+A/(2-o 


so, 


r  —  r 


l-t 


(l  +  Af(2-t) 


^\f(z)\< 


r  +  r 


(i+Ay(2-t) 


i-t 


(1  +  4/(2-*) 


Hence  the  result. 


r  —  r 


(B-A)S^(l-a) 


i.e. 


<  r +  r 


(l  +  Af{A  +  (B-  A)%SA  +  AySA  +  (B-  A)gS(l  -a)} 
(B-A)%(l-a) 


<  1/(2)1 


(1  +  Xy{X  +  (B-  A)gSX  +  AydX  +  (B-  A)gSQ.  -a)} 

Corollary  3.1:  If  f(z)  e  TnSp  {a,  0,     y,  S,  A,  B)  (i.e.  replacing  B  =  0,  X  =  1 )  then  we  get, 


r  —  r 


(B-A)8£(\-a) 


l+2(B-A)^S+S{Ay-(B-A)^a} 


<  \f(z)  \<r  +  rz 


(B-A)^(l-a) 


and  equality  holds  for  f  (z)  =  Z  —  - 


{B-A)5%(l-a) 


l+2(B-A)^S+S{Ay-(B-  A)^a} 
z2    at  z  =  +r 


1  +  2(5  -  A)& +  S{Ay-(B-  A)%a] 

This  corollary  is  due  to  [4]. 

Corollary  3.2:  If  f{z)  e  TnSp  {a,  0,    1,  S,  A,  B)  (i.e.  replacing  B  =  0,  X  =  1  and  y=l)  then  we  get, 


r-r 


(B-A)S^(l-a) 


<  f(z)  <r  +  r2 


l  +  2(B-  A)£5  +S{A-(B-  A)£a} 

(B-A)%(l-a) 


(B-A)S^(l-a) 


and  Equality  holds  for,  f(z)  =  Z- 


\  +  2{B-A)%5+5{A-(B-A)%a) 
z'   at  z  =  +r 


1  +  2(5  -  A)£8 +S{A-(B-  A)%a] 

This  corollary  is  due  to  [2]  and  [7]. 

Corollary  3.3:  If  f(z)  e  TnS\ {a, 0, 1, 1,  S,  A,  B)  (i.e.  replacing  B  =  0,  X  =  1 ,  y  =  1  and  %  =  1 )  then  we  get, 
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r  —  r 


(B-A)S(l-a) 


l  +  2(B-  A)8+  S{A-(B-  A)a) 

and  Equality  holds  for, 

(B-A)S(l-a) 


< 


\f{z)\<r  +  r2 


(B-A)S(l-a) 


1  +  2(5  -  A)S+S{A-  (B  -  A)a} 


f(z)  =  z- 


\  +  2(B-A)S+S{A-(B-A)a} 

This  corollary  is  due  to  [9]. 

Theorem 3.2:  If  f(z)eTnVA(a,j3,g,y,S,AB)th(m 


zJ    at    z  =  +r 


r  —  r 


(B-A)£8(\-a) 


< 


<r+r 


(1  +  Xy  {X  +  (5  -  A)%SX + AydX  +  (5  -  A)gSQ.  -  a) } 

 (B-A)^S(l-a)  

(1  +  X) A+1  { X  +  (B  -  A)£SX +  AySX  +  (B-  A)gS(l  -  a) } 


\f(z)\ 


Proof:  The  proof  of  this  theorem  is  analogous  to  that  of  theorem  3.1,  because  a  function 
/(Z)e  TnV\a,/3,£,y,8,A,B)  if  and  only  if  zf'(z)e  TnSl(a,P,%,y,S,A,B).  So  it  is  enough  that  replacing 
ft  with  ft  + 1  in  Theorem:  2.1. 

Corollary  3.4:  If  f(z)  e  TnVl  (a,  0,     y,  S,  A,  B)  (i.e.  replacing  /?  =  0,  X  =  1 )  then  we  get, 


r—r 


(B-A)^(l-a) 


2[1+ 2(5- A)gS+  S{  Ay-(B- A)&) }] 

And  equality  holds  for 

(B-A)8%(\-a) 


< 


\f(z)\<r+r2 


(B-A)S^(l-a) 


2[l+2(B-A)&+S{Ay-(B-A)&)}] 


f(z)  =  z- 


zJ    at  z  =  +r 


2[1  +  2(5  -  A)&  +  S{Ay-(B-  A)%a) }  ] 

This  corollary  is  due  to  [4]. 

Corollary  3.5:  If  f{z) G  TnVl {a, 0, 1, S,  A, B)  (i.e.  replacing  j5  =  0, X  =  1  and  y=l)  then  we  get, 


r  —  r 


(B-A)S%(l-a) 


2[1  +  2(5  -  A)%5  +  S{A-(B- A)£a)}] 
And  Equality  holds  for, 

(B-A)S^(l-a) 


^\f(z)\< 


r  +  r 


(B-A)S£(l-a) 


2[1  +  2(5  -  A)ZS  +  5{A-{B-  A)%a) }  ] 


f(z)  =  z- 


2[1  +  2(5  -  A)£S +S{A-(B- A)%a) }  ] 

This  corollary  is  due  to  [2]  and  [7]. 


zJ    at  z  =  +r 
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Corollary  3.6:  If  f(z)  €  TnV 1  (a,  0, 1, 1, 8,  A,  B)  (i.e.  replacing  /3  =  0,A  =  \,y=\ and  £  =  1 )  then  we  get, 


r  —  r 


(B-A)S(\-CC) 


2[1  +  2(5  -  A)<? + S{  A  -  (B  -  A)a) }] 
and  Equality  holds  for, 

(5-A)<y(l-o) 


<|/(z)|<r  +  r2 


(fl-A)£(l-ar) 


2[l  +  2(B-A)S+S{A-(B-A)a)}] 


f(z)  =  z- 


2[1  +  2(5-A)(J+(J{A-(5-  A)flr) }  ] 

This  corollary  is  due  to  [9]. 


zJ    at  z  =  +r 


Theorem  3.3:  If  f(z)  G  TnS*  (a,  J3,     /,  S,  A,  B)  then 


1-r 


{B-Af£5{\-a) 


(l  +  Ay{A(l  +  AyS)  +  (B-A)<f;S(A  +  l-a)} 


< 


\f(z)\ 


<l  +  rz 


(B-  A)2  a) 


(1  +  Ay  { MX  +  AyS)  +  (B-  A)^S(A  + 1  -  a) } 


Proof:  Since  /(z)  €  TSf  (a,  /?,     y,  S,  A,  5)  we  have  by  Theorem.3. 1, 


Xa+o-iu/o-o^a-o 

In  view  of  Theorem  3. 1  we  have 

V  •      fr  ft     -V    ^  (g-A)(l-Q 

/     /«;=/(/  /    A;  ^   5  


<  l  +  <l  +  r^nan  <l  +  r 

n—2  n—2 

Similarly, 

\f  (z)\  >  1  -  !>„  H""1  >1  -  r£  ™„  >1  -  r 


«=2 


n=2 


(1  +  2/(2-0 


QB-A)(1-Q 
(1+2/(2-0 


So,  1-r 


(5-A)(l-0 


<  f(z) \<l  +  r 


(1+2/(2-0. 

Substituting  the  value  of  t  in  above  inequality, 


(g-AXj-f) 
(1  +  2/(2-0 


(4) 
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1-r 


(B-A)2<^S(l-a) 


<l  +  r 


(1  +  Ay{A(l  +  AyS)  +  (B-  A)$S{X  + 1-  a) } 
(B-A)2^S(l-a) 


<f\z) 


(l  +  Xy{X(l  +  AyS)  +  (B-A)^S(.X  +  \-a)} 


Corollary  3.7:  If  f(z)  G  TnS\  {a,  0,     y,  S,  A,  B)  (i.e.  replacing      =  0,  X  =  1)  then  we  get, 


1-r 


(B-A)2%S(l-a) 


(1  +  Ayd)  +  (B-  A)%5{2  -  a) } 


< 


f'(z)<l+r 


(B-A)2<^S(l-a) 


(1  +  AyS)  +  (B-  A)gS(2  -  a) } 


for  \z\  =  r 


This  corollary  is  due  to  [4]. 

Corollary  3.8:  If  f(z)  G  TnSp  {a,  0,    1,  S,  A,  B)  (i.e.  replacing  J3  =  0,  A  =  1  and  ^  =  1 ) then  we  §et> 


1-r 


(£-A)2ft?(l-a) 
(l  +  A£)  +  (fl-A)£?(2-a)} 


< \f\z)  <l+r 


(£-A)2ft?(l-ar) 
(l  +  A<?)  +  (fl-A)£?(2-a)} 


for  z  =  r 


This  corollary  is  due  to  [2]  and  [7]. 

Corollary  3.9:  If  f(z)  G  TnSp  {a,  0, 1, 1,  S,  A,  B)  (i.e.  replacing  /?  =  0,  A  =  1 ,  y  =  1  and  £  =  1 )  then  we  get, 


1-r 


(B-A)2S(l-a) 


(l  +  AS)  +  (B-A)S(2-a)} 


< \f\z)  <l  +  r 


(B-A)2S(l-a) 


(l  +  A5)  +  (B-A)S(2-a)} 


for  z  =  r 


This  corollary  is  due  to  [9]. 

Theorem 3.4:  If  f(z)€TnV\a,fi,^,y,S,AB)±en 


1-r 


{B-A)2£5{\-a) 


(1  +  Xy+l  { X(l  +  AyS)  +  (B-  A)gS(A  +  l-a)} 


< 


\f(z)\ 


(B-A)2^S(l-a) 


(1  +  X)p+1  {1(1  +  A?tf)  +  (5  -  A)£?(l  + 1  -  a) } 


Proof:  The  proof  of  this  theorem  is  analogous  to  that  of  theorem  3.3,  because  a  function 
/(z)G  TnVZ(CC,j3,<!;,y,S,A,B)  if  and  only  if  zf  '(z)e  TnSXp(a,fS£,y,8,A,B) .  So  it  is  enough  that  replacing 
ft  with  ft  +  1  in  Theorem:  3.3. 

Corollary  3.10:  If /(z)  G  TnV 1  (a,  0,  £     <!>,  A,  5)  (i.e.  replacing  /?  =  0,  X  =  1 )  then  we  get, 


1-r 


(B-A)2<^S(l-a) 


(1  +  AyS)  +  (B-  A)£S{2  -a)} 


<|/(z)|<l  +  r2 


(B-A)2^S(l-a) 


(1  +  AyS)  +  (B-  A)£S(2  -a)} 


for\z\ 
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This  corollary  is  due  to  [4]. 

Corollary  3.11:  If  /(z)  G  TnV 1  (a,  0,    1,  S,  A,  B)  (i.e.  replacing  J3  =  0,  X  =  1  an  J  y  =  1 )  then  we  get, 


1-r 


(5-A)2^(l-a) 


(l+A<$)  +  (fl-A)££(2-flr)} 


<|/(z)|<l  +  r2 


(B-A)2%S(\-a) 


(l+AS)  +  (B-A)^S(2-a)} 


for\z\  =  r 


This  corollary  is  due  to  [2]  and  [7]. 

Corollary  3.12:  If  /(z)  G  TnV\a,  0, 1, 1,  5,  A,  B)  (i.e.  replacing  /3  =  0,X  =  \,y=\ and  %  =  1 )  then  we  get, 


1-r 


(fl-A)2o\l-tf) 


(l  +  A<?)  +  (5-A)£(2-or)} 


<  /(z)  <l  +  r 


(fl-A)2o\l-tf) 


(l  +  AJ)  +  (5-A)o\2-«)} 


/or  z 


This  corollary  is  due  to  [9]. 
4.  CLOSURE  THEOREM 

Theorem 4.1:Let  fl(z)  =  Z  and 


/,(*)  =  • 


(fl-A)<5£(l-a) 


\XHj-MY[U-W  +  A)6+(B-A)%}HB-A)%(l-a)] 

Then  /(z)  G         (a,  J3,  g,  y,  S,  A,  B)  if  and  only  if  f(z)  can  be  expressed  in  the  forms 


zj  for  j  =  2,3,4, 


H 


/(z)=£V^z)'  "^;i,>0  arc*  £^=1 

7=1  7=1 

Proof:  Let  /(z)  =  J ^ (z) ,  ^  >  0  ,  j  =  1, 2,3,   wifA  =  1 

7=1 

Wehave,/(z)  =  £Vy(*)  =  ^/(z)  +£  A,/,(z) 

7=1 

.-./(z)=z-|;^ 


7=2 


7=2 


(fl-A)<5£(l-flr) 


[l+(7-W[(7-l)2{l  +  A^+(B-A)o?}  +  (fi-A)o?(l-flr)] 


Then, 


7=2 


(fl-A)<^(l-a) 


[1  +  0-  1M/  [(y  -  1)A{1 + A?tf + (5  -  A)<5£ }  +  (B  -  A)<Xf  (1  -  a)] 
[1  +  0- 1)1/  [O  -  DMl + AyS  +  (5  -  A)<Xf }  +  (B  -  A)<Xf  (1  -  a)] 


-x 


(fl-A)<^(l-ar) 


:^=1-2<1 

7=2 


Hence,  /(z)g  TnV\a,p,Z,y,8,A,B) 
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Conversely,  suppose  f(z)  £  TnVA  (OC,  f5,     y,  S,  A,  B)  then  remark  of  theorem  2.1  gives  us 

a  <  (B-ma-a)   4 

1    (l+U-lW{U-W  +  AyS+(B-A)%)  +  (B-A)%a-a)}        '  '  ' 

w    ,    ;     (l  +  U-l)A/{U-im  +  AyS+(B-A)%)  +  (B-A)%(l-a)} 

We  take  /I.  =  a,,     1  =  1,5, 4,  

(B-A)%(X-a)  ' 


And  \  =1-X^j- 

7=1 

Then,  /(z)  =  SVjW 

7=1 

Corollary  4.1:  If  fj(z  )=  z  and 

/(z)  =  z  (*-A)ff(l-ar)  2>J  =  234 

Then  f(z)  G  r„V '  (a,  0,  £     J,  A,  B)  if  and  only  if  f(z)  can  be  expressed  in  the  form 

/(z)=I^(z),  w^rel.>0  arcd  =1,  /or ;  =  1, 2, 3, 4,  

This  corollary  is  due  to  [4]. 
Corollary  4.2:  If  fj(z  )=  z  and 

f(z)  =  z  (B  -  A) 5% {I  -  a)   for  i  =  2  3  4 

)        U-l)-S{(B-A){a-(B-A){j-AU-l)}Z  '    J    "  ' 

Then  f{z)  £  TnVl((X,  0,  <f ,  1,  (J,  A,  5)  if  and  only  if  f(z)  can  be  expressed  in  the  form 

/(z)  =  XV/W-  where  TAJ=land  AJ^°  ,  M  j  =  1,2,3,4,  

This  corollary  is  due  to  [2]  and  [7]. 

Corollary  4.3:  If  f,(z  )=  z  and  /  (z)  =  Z~  -    -  ^TT^T"^     7i  ^  for  J  =  2' 3' 4' 
Then  /(z)  £  7^V 1      0, 1, 1,  S,  A,  B)  if  and  only  if  f(z)  can  be  expressed  in  the  form 
f(z)  =  ^jfjiz) ,  where  f\*.  =1  and  X.  >  0,  /or  ;  =  1, 2, 3, 4,  

7=1  7=1 

This  corollary  is  due  to  [9]. 
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Corollary  4.4:  If  fj(z  )=  z  and  /.  (z)  =  Z  — 


(5 -A) 


zJ  /or  j  =  2,3,4, 


Then  f(z)e  TnV  (0, 0, 1, 1, 1,  A,  5)  if  and  only  if  f(z)  can  be  expressed  in  the  form 


/(z)  =  XVyW '  where  HAj  = 1  am/  ^  -  °'      ■/  =  l> 2' 3' 4' 


5.  CONCLUSIONS 


In  this  paper  making  use  of  Al-Oboudi  operator  two  new  sub  classes  of  analytic  and  univalent  functions  are 
introduced  for  the  functions  with  negative  coefficients.  Many  subclasses  which  are  already  studied  by  various  researchers 
are  obtained  as  special  cases  of  our  two  new  sub  classes.  We  have  obtained  varies  properties  such  as  coefficient  estimates, 
growth  distortion  theorems,  Further  new  subclasses  may  be  possible  from  the  two  classes  introduced  in  this  paper. 
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